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Abstract 

Linear rankwidth is a linearized variant of rankwidth, introduced by Oum and Seymour 
[Approximating clique-width and branch-width. J. Combin. Theory Ser. B, 96(4):514-528, 

2006]. Motivated from recent development on graph modification problems regarding classes 
of graphs of bounded treewidth or pathwidth, we study the Linear Rankwidth-1 Vertex 
Deletion problem (shortly, LRWI-Vertex Deletion). In the LRWI-Vertex Deletion 
problem, given an n-vertex graph G and a positive integer k, we want to decide whether there is 
a set of at most k vertices whose removal turns G into a graph of linear rankwidth at most 1 and 
hnd such a vertex set if one exists. While the meta-theorem of Courcelle, Makowsky, and Rotics 
implies that LRWI-Vertex Deletion can be solved in time f{k) ■ for some function /, it 
is not clear whether this problem allows a running time with a modest exponential function. 

We first establish that LRWI-Vertex Deletion can be solved in time 8^' • The 

major obstacle to this end is how to handle a long induced cycle as an obstruction. To hx this 
issue, we define necklace graphs and investigate their structural properties. Later, we reduce the 
polynomial factor by refining the trivial branching step based on a cliquewidth expression of a 
graph, and obtain an algorithm that runs in time 2^^^^ • We also prove that the running 
time cannot be improved to 2°*^^^ • under the Exponential Time Hypothesis assumption. 

Lastly, we show that the LRWI-Vertex Deletion problem admits a polynomial kernel. 
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1 Introduction 


In a parameterized problem, we are given an instance (x, k), where k is a secondary measurement, 
called as the parameter. The central question in parameterized complexity is whether a param¬ 
eterized problem admits an algorithm with running time f{k) ■ called a fixed parameter 

tractable algorithm (shortly, an FPT algorithm), where / is a function depending on the parameter 
k alone and |x| is the input size. A parameterized problem admitting such an algorithm is said 
to be fixed-parameter tractable, or FPT in short. As we study a parameterized problem when its 
unparameterized decision version is NP-hard, the function / is super-polynomial in general. For 
many natural parameterized problems, the function / is overwhelming m or even non-explicit [38] , 
especially when the algorithm is indicated by a meta-theorem. Therefore, a lot of research effort 
focus on designing an FPT algorithm with affordable super-exponential part in the running time. 
We are especially interested in solving a parameterized problem in single-exponential FPT time, 
that is, in time for some constant c. 

One of techniques to handle parameterized problems is the kernelization algorithm. A kernel- 
ization algorithm takes an instance {x,k) and outputs an instance {x',k') in time polynomial in 
|x| -t k satisfying that (1) (x, k) is a YES-instance if and only if (x', k') is a YES-instance, (2) k' ^ k, 
and \x'\ ^ g{k) for some function g. The reduced instance is called a kernel and the function g is 
called the size of the kernel. A parameterized problem is said to admit a polynomial kernel if there 
is a kernelization algorithm that reduces the input instance into an instance with size bounded by 
a polynomial function g{k) in k. 

Graph modification problems are typically formulated as follows: given an input graph G and a 
fixed set 0 of elementary operations and a graph property IT, the objective is to transform G into 
a graph Ff e 11 by applying at most k operations from 0. Vertex deletion, edge deletion/addition 
or contraction are examples of such elementary operations. 

The graph property 11 having treewidth or pathwidth at most w has received in-depth attention 
as many problems become tractable on graphs of small treewidth. The celebrated Courcelle’s 
theorem |10] implies that every graph property expressible in monadic second order logic of the 
second type (MSO2) can be verified in time f{w) ■ n, when the input n-vertex graph has treewidth 
at most w. Furthermore, having small treewidth frequently facilitates the design of a dynamic 
programming algorithm whose running time is much faster than that of the all-round algorithm 
from the Courcelle’s meta-theorem. Therefore, it is reasonable to measure how close an instance is 
from “an island of tractability within an ocean of intractable problems” |22| . 

In the context of treewidth, the vertex deletion problems for the special cases of tc = 0 and w = 1 
correspond to the well-known Vertex Cover and Feedback Vertex Set problems respectively. 
Generally, for fixed w, the Treewidth-ic Vertex Deletion can be solved in time f{w,k) ■ n 
implied by Courcelle’s meta-theorem m- As the function / subsumed in the meta theorem is 
gigantic, it is natural to ask whether the exponential function in the running time can be rendered 
realistic. Recent endeavor pursuing this question culminated in establishing that for fixed w, the 
Treewidth-ic Vertex Deletion can be solved in single-exponential FPT time mm- 

As for pathwidth, Pathwidth-1 Vertex Deletion was first studied by Philip, Raman, Vil- 
langer m, and later Cygan, Pilipczuk, Pilipczuk, Wojtaszczyk m showed that Pathwidth-1 
Vertex Deletion can be solved in time 4.65*’ • and it admits a quadratic kernel. Using 
the general method developed for Treewidth-ic Vertex Deletion [I71|32|, the PATHWiDTH-tc 
Vertex Deletion problem also admits a single-exponential FPT algorithm. 
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Linear rankwidth. Rankwidth was introduced by Oum and Seymour |36] for efficiently ap¬ 
proximating cliquewidth. Compared to cliquewidth, there are some containment relations, called 
vertex-minors and pivot-minors [M] , where the rankwidth of a graph does not increase when taking 
those relations. With these relations, rankwidth has been intensively studied to extend results for 
treewidth and graph minors I2l[lll[2ll|28l[29l|3a|35l[36]. 

Linear rankwidth is a linearized variation of rankwidth as pathwidth is the linearized variant of 
treewidth. While treewidth and pathwidth are small only on sparse graphs, dense graphs may have 
small rankwidth or linear rankwidth. For instance, complete graphs, complete bipartite graphs, and 
threshold graphs [9] have linear rankwidth at most 1 even though they have unbounded treewidth. 

Linear rankwidth is deeply related to matroid pathwidth, also known as trellis-width, introduced 
by Kashyap m- Matroid pathwidth has been studied in some matroid theory literature [231 [25l 133] . 
Kashyap m showed that it is NP-hard to compute the matroid pathwidth of a binary matroid given 
with its matrix representation. From the relation between a binary matroid and its fundamental 
graph due to Oum [33j, one can also deduce that it is NP-hard to compute the linear rankwidth 
of a graph. Recently, Jeong, Kim, and Oum [27] showed that for fixed k, there is a cubic-time 
algorithm to test whether an input graph has linear rankwidth at most k or not, and output such 
an ordering if one exists. 

Ganian [20] pointed out that some NP-hard problems, such as computing pathwidth, can be 
solved in polynomial time on graphs of linear rankwidth at most 1. Generally, the meta-theorem by 
Courcelle, Makowsky, and Rotics [12] states that for every graph property 11 expressible in monadic 
second order logic of the first type (MSOi) and fixed k, there is a cubic-time algorithm for testing 
whether a graph of rankwidth at most k has property II. As rankwidth is always less than or equal 
to linear rankwidth, those problems are tractable on graphs of bounded linear rankwidth as well. 

In the same context, it is natural to ask whether there is an FPT algorithm for the (Linear) 
Rankwidth-u) Vertex Deletion problem, that is a problem asking whether for a given graph G 
and a positive integer k, G contains a vertex subset of size at most k whose deletion makes G a graph 
of (linear) rankwidth at most w. It is only known that for fixed w, both problems are FPT from 
the meta-theorem on graphs of bounded rankwidth [T^]. We discuss it in more detail in Section]^ 
However, as the function of k obtained from the meta-theorem is enormous, it is interesting to 
know whether there is a single-exponential FPT algorithm for both problems, like Treewidth- 
w Vertex Deletion. Also, to the best of our knowledge, there was no known previous result 
whether the (Linear) RANKWiDTH-tc Vertex Deletion problem admits a polynomial kernel 
for fixed integer w. 

Our contributions. In this paper, we show that the Linear Rankwidth-1 Vertex Dele¬ 
tion problem admits a single-exponential FPT algorithm and a polynomial kernel. This is a first 
step towards a goal of investigating whether the (Linear) Rankwidth-u) Vertex Deletion 
problem admits a single-exponential FPT algorithm or has a polynomial kernel. 

Linear Rankwidth-1 Vertex Deletion (LRWI-Vertex Deletion) 

Input : A graph G, a positive integer k 

Parameter : k 

Question : Does G have a vertex subset S of size at most k whose removal makes G a graph 
of linear rankwidth at most one? 

Theorem 1.1. The LRWI-Vertex Deletion problem can be solved in time 8^ and also 

can be solved in time 2^^*^) • n^. 
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Theorem 1.2. The LRWI-Vertex Deletion problem has a kernel with 0{k^^) vertices. 


We note that several graph classes with a certain path-like structure have been studied for 
parameterized vertex deletion problems. Such classes include graphs of pathwidth- 1 [SZlttS] , proper 
interval graphs caiiQ], unit interval graphs 1391 E], and interval graphs [8]. A common approach 
in the previous work was to use the characterization of the structures obtained after removing 
small obstructions. We also characterize graphs excluding small obstructions for graphs of linear 
rankwidth at most 1. 

We investigate a new class of graphs, called necklace graphs, which are close to graphs of linear 
rankwidth at most 1. Briefly speaking, necklace graphs, when viewed locally, are graphs of linear 
rankwidth at most 1, but they may have long induced cycles. In Section we show that every 
connected graph having no obstructions of size at most 8 for graphs of linear rankwidth at most 


1 is either a graph of linear rankwidth at most 1 or a necklace graph (Theorem 3.1). Combining 
a simple branching algorithm and a polynomial-time algorithm to find a minimum deleting set on 
necklace graphs, we obtain an FPT algorithm for LRWl- Vertex Deletion with running time 
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• 0{n^) in the beginning of Section 


One might ask whether the polynomial factor can be reduced. This running time appears 
as we start with finding obstructions of size at most 8. Indeed, we can improve it using a dynamic 
programming algorithm to find an induced subgraph of fixed size in a graph of bounded cliquewidth. 
If the rankwidth of a given graph is more than k + 1, then the instance is trivially a No-instance 
because rankwidth can be decreased by at most 1 when removing a vertex. Using the approximation 
algorithm due to Oum [35] , we can decide whether a given graph has rankwidth at most k + 1 and 
if so, outputs a rank-decomposition of width at most 3{k -I- 1) -I- 1 = 3fe -I- 4 and also a (2^^+® — 1)- 
cliquewidth expression, in time 2^^^^ ■ re^. Then we develop a branching algorithm using the 
cliquewidth expression, and finally achieve an FPT algorithm with running time 2^^^^ • n^. In 
Section]^ we prove that the running time of our algorithms cannot be reduced to under 

a reasonable assumption. 

Theorem 1.3. There is no -time algorithm for LRWl Vertex Deletion, unless 

Exponential Time Hypothesis (ETH) fails. 

In Section]^ we obtain a polynomial kernel for the LRWI-Vertex Deletion problem. We 
start with hitting obstructions of size at most 8 using the Sunflower lemma, and taking a minimum 
deleting set on the remaining necklace graph. The union of two sets will have size bounded by a 
polynomial function in k, and its removal makes an input graph into a graph of linear rankwidth 
at most 1. Graphs of linear rankwidth at most 1 can be seen as graphs obtained by connecting 


certain blocks, called thread blocks, like a path (Theorem 2.2). The main difficulty for reducing 
the remaining part is to shrink a large thread block, and we can resolve this issue using the set 
obtained by the Sunflower lemma. We remark that a similar idea was used by Fomin, Saurabh, 
and Villanger [T8| to obtain a polynomial kernel for the Proper Interval Vertex Deletion 
problem. We conclude the paper with further discussions in Section]^ 


2 Preliminaries 

In this paper, all graphs are finite and undirected, if not mentioned. For a graph G, we denote by 
V{G) and E{G) the vertex set and the edge set of a graph G, respectively. Let G be a graph. For 
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X e V(G), let Nc{x) denote the neighborhood of x. Let 5 be a subset of V{G). We denote by ^[5] 
the subgraph of G induced on S and we dehne G\S := G\V (G)\5]. For short we write G\x instead 
of GVIx} for X e V(G). A vertex u of G is called a pendant vertex if IA^gC^)! = 1- The subset of 
vertices dciS) c 5 is the set of all vertices of S that have a neighbor in V{G)\S. 

A graph H is an induced subgraph of a graph G H = G[5] for some S c V{G). For a set T 
of graphs, a graph G is T-free if G has no induced subgraph isomorphic to a graph in T. 

A vertex u of G is called a cut vertex if the removal of v from G strictly increases the number of 
connected components. A maximal connected subgraph of a graph without a cut vertex is called a 
block. Note than an edge can be a block. 

The path on the vertex set {ui,..., Vn} and the edge set {viVi+i : 1 ^ i ^ n — 1} will be denoted 
by viV 2 ■ ■ ■ Vn, and the cycle on the vertex set {ui,..., and the edge set {viV 2 , ■ ■ ■, Vn-iVn, VnVi} 
will be denoted by viV 2 ■ ■ ■ VnVi. The length of a path is defined as the number of edges in the path. 
For n ^ 3, we denote by Gn the chordless cycle of length n. A graph G is distance-hereditary if for 
every connected induced subgraph H oi G and v,w e V (H), the distance between v and rc in Lf is 
the same as the distance between v and w in G. For instance the cycle G = V 1 V 2 V 3 V 4 V 5 V 1 of length 
5 is not distance-hereditary, as vi and V 3 have distance 2 in the graph, but they have distance 3 in 
G\v 2 . a star is a tree with a distinguished vertex adjacent to all other vertices. A complete graph 
is a graph with all possible edges. 

An ordering on a finite set 5 is a bijective mapping ct : 5 ^ {1,..., |5|}, and we write x <„ y 
if cr(x) < (j(y), and as the inverse bijective mapping. For an X x T-matrix M and X' Q 
X,Y' c let M[X', W] be the submatrix of M whose rows and columns are indexed by X' and 
T', respectively. 

When we analyze the running time of an algorithm, we agree that n = |F(G)| and m = |i?(G)| 
if G is an input graph. 

Linear rankwidth and thread graphs 

The adjacency matrix of a graph G, which is a (0, l)-matrix over the binary field, will be denoted 
by Ag- The width of an ordering a of the vertex set of a graph G is 

i<.m|ax^)|rank(AG[{cT"^(l),..., F(G)\{a"Hl), ■ • • 

where the rank of a matrix is computed over the binary held. The linear rankwidth of a graph G 
is dehned as the minimum width over all orderings of V{G). 

Ganian |2Uj hrst characterized graphs of linear rankwidth at most 1, and he called them thread 
graphs. Later, Adler, Farley, and Proskurowski [T] gave an easier way to dehne a thread graph, 
using a notion of thread blocks. We follow the dehnition of thread blocks given by Adler, Farley, 
and Proskurowski, and provide a unihed way to dehne classes of graphs including thread graphs. 

A graph G with at least 2 vertices is called a thread block if there is an ordering a of V (G) and 
a function £ : V{G) {{L}, {i?}, {L,R}} satisfying that 

(1) = {R} and ^(^-^1^1)) = W, 

(2) for v,w e V{G) with v <„ w, vw e E{G) if and only if ii e £{v) and L e l{w). 

A thread block is a canonical thread block if it satishes on the top of the previous two conditions 
and the following third condition: 
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Figure 1: An example of a thread block whose first and last vertices are x and y, respectively. 
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Figure 2: An example of a connected thread graph and its canonical thread decomposition. 



(3) £{a~\2))^{L} if|y(G)|^2. 

The third condition implies that every canonical thread block has no pendant vertex adjacent to 
its first vertex (T“^(1). It will guarantee a unique decomposition of a thread graph into thread 
blocks. We say that a and £ are the ordering and labeling of G respectively, and say that (t~^( 1) 
and (T~^(|y(G)|) are the first and last vertices of G, respectively. See Figurefor an example. 

Let D = {Vd,A£)) be a digraph. A set {Gxy ■ xy e Ap,} of thread blocks is said to be mergeable 
with D if 


(1) for every arc xy of Ap, Gxy is a thread block whose first and last vertices are x and y, 
respectively, and 


(2) for two distinct arcs xiyi,X 2 y 2 of Ap, V^Gx^yfij n V{Gx 2 y 2 ) = ^ {x 2 ,y 2 }- 

For a digraph D = {Vp^Ap) and a set of thread blocks Bp = {Gxy '■ xy e Ap] mergeable with 
D, we define D © Bp as the graph G with the vertex set V{G) = {fixyeAr, and the edge 

set E{G) = {JxyGAo P underlying digraph of G and that D 0 Bp is a 

thread decomposition of G. We say that DQBp is a canonical thread decomposition of G if every 
thread block of Bp is a canonical thread block. 


Definition 2.1 (Thread graph). A connected graph G is a thread graph if G is either an one 
vertex graph or G = P Q Bp for some directed path P and some set of thread blocks Bp mergeable 
with P. A graph is a thread graph if each of its connected components is a thread graph. 


See Figure for an example of a connected thread graph, and its canonical thread decompo¬ 
sition. It is not hard to observe that every connected thread graph admits a canonical thread 
decomposition; one can obtain a canonical thread decomposition from any thread decomposition 
by rearranging pendant vertices adjacent to a vertex in the underlying digraph. In Lemma 2.5, we 


will give a polynomial-time algorithm that given a connected thread graph, outputs its canonical 
thread decomposition. 

The following structural properties of thread graphs will be used in later sections. 
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house (Fi) gem (F2) domino (F3) 

Figure 3: The induced subgraph obstructions for distance-hereditary graphs. 

Lemma 2.1. Let n ^ 3 be an integer, and let G be a conneeted thread graph such that G admits a 
canonical thread decomposition G = PQ Bp where P = vi ■ ■ ■ Vn and Bp := [Bi = : 1 ^ i ^ 

n — 1}. Then the following are satisfied. 

(1) For every v e V{G)\V{P), v has a neighbor in P. 

(2) Vertices V 2 , ■ ■ ■ ,Vn-i are cut vertices of G. Moreover, every cut vertex of G is contained in P. 

(3) For each 1 ^ i ^ n — 1, V^Bf) is exactly the union of the set of all pendant vertices adjacent 
to Vi+i and the vertex set of the block of G containing Vi,Vi+i. 

Proof. (1) Let Bi be the thread block containing v. Depending on the label of u in Sj, u is adjacent 
to at least one of 

(2) The first statement came from the definition of a connected thread graph that for 1 ^ j ^ n—1 
with i j, V {Bi) n V (Bj) = {vi, Vi+i) n {vj,Vj+i]. That is, for each 2 ^ z ^ n — 1, all paths from 
Vi-i to Vi+i must pass through Vi, and it implies that Vi is a cut vertex of G. 

If u 6 V{G)\V{P), then by the statement (1), every vertex of G\v has a neighbor in P and thus 
G\v is connected. It implies that every cut vertex of G is contained in P. 

(3) Let usfixze {l,...,n — 1} and let a and i be the ordering and labeling of Bi, respectively. Let 
S c V{G) be the vertex set containing all pendant vertices adjacent to Vi+i and the vertex set of 
the block of G containing Vi and Vi+i. We need to prove that S = V{Bi). 

To prove that S c V{Bi), let v e S\{vi, Vi+i]. Observe that by construction of G and the fact 
that u e S, if u is not a pendant vertex and satisfies Nq{v) nV{P) c {vi, Uj+i}, then v e V(Bi). So, 
let us assume that v is not a pendant vertex and has a neighbor in P other than Vi and Vi+i. If v 
is adjacent to some vertex Vj of P with j > i + 1, then it contradicts the fact that Vi+i separates Vi 
and Vj in G by (2). Similarly, if v is adjacent to some vertex Vj of P with j < i, then it contradicts 
the fact that Vi separates Vj and Vi+i in G by (2). Thus, we have Nq{v) n V{P) c {vi,Vi+i} and 
V e V(Bi). Finally by construction, as PQBp is a canonical thread decomposition, the pendant 
vertices adjacent to Vi+i belong to Bi. We conclude that S c V{Bi). 

We verify that V{Bi) c S. Let v e V(Bi)\{vi,Vipi}. If £(v) = {L,R}, then v is contained in S. 
If i{v) = {L}, then by definition of a canonical thread block, there exists w <a v with R e i{w). 
So, V is contained in a cycle of length 4 together with Vi,Vi+i, and thus, v e S. If i{v) = {i?} and 
there exists v <„ w with L e i{w), then similarly we have v e S, and if there are no such a vertex 
w, then u is a pendant vertex adjacent to Vi+i, that is also contained in S. □ 

Let Fi,F 2 ,F 3 be the house, gem, domino graphs respectively, which are depicted in Figure]^ 
The induced subgraph obstructions for graphs of linear rankwidth at most 1 consist of the set of 
induced subgraph obstructions for distance-hereditary graphs |1] , that are Fi, F 2 , F 3 , and induced 
cycles of length at least 5, and the set of 14 induced subgraph obstructions for graphs of linear 
rankwidth at most 1 that are distance-hereditary, depicted in Figure [^[T]. We define that 
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Figure 4: The induced subgraph obstructions for graphs of linear rankwidth 1 that are distance- 
hereditary. 

• Qt is the union of {Fi, F 2 , F 3 } u {Ck ■ k ^ 5} and the set of 14 graphs in Figure]^ 

Theorem 2.2 (Ganian [20]; Adler, Farley, and Proskurowski m)- For a graph G, the following are 
equivalent. 

• G has linear rankwidth at most 1. 

• G is a thread graph. 

• G has no indueed subgraph isomorphic to a graph in Q,t- 

We often use the term ‘thread graphs’ for graphs of linear rankwidth at most 1. For a graph G 
and S c V{G), S is called a LRWl-deletion set if G\S is a graph of linear rankwidth at most 1. 

Obtaining a canonical thread decomposition 

It is known that one can recognize graphs of linear rankwidth at most 1 in time 0{\V{G)\ + 
|F(G)|) using split decompositions |5l[3|. Furthermore, we can easily obtain a canonical thread 
decomposition of a graph of linear rankwidth at most 1 from its split decomposition, but for our 
knowledge, it was not stated anywhere. In this subsection, we clarify a procedure to obtain a thread 
decomposition. This will be especially used in the kernelization algorithm in Section]^ 

We use graph-labelled trees introduced by Gioan and Paul |24j . which are convenient forms of 
split decompositions. A triple {T,F = {G^}i,sy(T)) ^ = {Pv}veV{T)) of ^ free T and a set of graphs 
F and a set of functions TZ is called a graph-labelled tree if 

• for every node v of degree k in T, is a connected graph on k vertices, called marker 
vertices, 

• is a bijection from the edges of T incident with v to the marker vertices of G^. 

Let u be a leaf of T. A node or a leaf u different from v is called v-accessible if for every edges xy 
and yz on the path from tt to u in T, Py{xy) is adjacent to Py{yz) in Gy. The accessibility graph of 
a graph-labelled tree (T, F, TZ) is the graph Q{T, F, TZ) whose vertex set is the set of all leaves of T, 
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and xy e E{Q{T, J^,TZ)) if and only if y is x-accessible. We say that {T,T,TZ) is a graph-labelled 
tree of G{T, E, TZ). 

We give two operations on a graph-labelled tree to dehne a reduced graph-labelled tree. A split of 
a graph G is a vertex partition (Vi, V 2 ) of G such that |Vi|, | V 2 I ^ 2, and there exist V{ c V 2 Q V 2 
where the set of edges incident with both Vi and V 2 is exactly {xy : x e V{,y e ^ connected 
graph is degenerate if every vertex partition iVi, V 2 ) with |Vi|) IV 2 I ^ 2 is a split. It is known that 
every degenerate graph is either a complete graph or a star graph. A node in a graph-labelled tree 
is called a clique node (or a star node) if a complete graph (or a star graph, respectively) is assigned 
to the node. A graph without splits is called a prime graph. 

Let (T, F, TZ) be a graph-labelled tree of a graph G. Let u be a node of T such that G^ admits a 
split (^ 1 ,^ 2 ). For each i e {1,2}, let Gj be the graph obtained from G[Aj] by adding a new vertex 
a, that is adjacent to all vertices in Then the node-split operation on the node v with 

respect to (^ 1 ,^ 2 ) consists of substitnting v by two adjacent nodes vi,V 2 , respectively labelled by 
Gi, G 2 , such that for each i e {1, 2}, 

- 1 / N J V1V2 Yw = Oi, 

\ PG\w) ifu;6y(G0\{ai}. 

The node-join operation is the reverse operation of the node-split operation; if vw is an edge of T, 
then the node-join operation on vw consists of contracting vw into a new node u labelled by the 
graph Gu where Gu is the graph obtained from the disjoint union of G^ and Gw by deleting py{vw) 
and pw{vw) and adding all edges between Ng^{Pv{vw)) and Ng^{Pw{vw)). 

We say that a star node v is oriented towards a node t of T if the edge e such that Pv{e) is the 
center of Gy is on the path in T between t and v. 

A graph-labelled tree is reduced if 

(1) every node is either prime or degenerate, and 

(2) it contains no edge that connects two degenerate nodes where the node-join operation on this 
edge resnlts in another degenerate node. 


Cunningham showed the nniqueness of a reduced graph-laballed tree of a connected graph. More¬ 
over, it can be compnted in time 0 {n + m). 

Theorem 2.3 (Cunningham [TJ]; Dahlhans [16]L Every connected graph G admits a unique reduced 
graph-labelled tree, and it can be computed in time 0{n -\- m). 


For a connected graph G, we denote by S'T(G) the unique reduced graph-labelled tree obtained 
We call it the split tree of G. The following characterization of graphs of linear 


from Theorem 2.3 


rankwidth 1 is crucial. We give an example of the split tree of a connected thread graph in Figurej^ 


Theorem 2.4 (Bui-Xuan, Kante, and Limonzy [^; Adler, Kante, and Kwon [3]). A connected 
graph G with the split tree (T, F, TZ) is a graph of linear rankwidth at most 1 if and only if every 
graph in F is degenerate and the tree obtained from T by removing all its leaves is a path. Thus, 
one can recognize graphs of linear rankwidth at most 1 in time 0{n -\- m). 


Lemma 2.5. Given a connected graph G of linear rankwidth at most 1, we can output a canonical 
thread decomposition G = P Q Bp in time 0{n + m). 
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Figure 5: The canonical split tree of the first two thread blocks of the thread graph in Figure 


Proof. Using the algorithm in Theorem 2.3, we compute a split tree of G in time 0{\V{G)\ + \E{G)\). 
Let iT,{G.u].^^y(j'^,{p.u]veV{T)) be the obtained split tree of a connected thread graph G. By 
Theorem |2.4[ the tree obtained from T by removing all its leaves is a path and each is degenerate, 
that is, either a star node or a clique node. Let Q be the path viV 2 ■ ■ -Vm obtained from T by 
removing all its leaves, and we give a direction on edges so that it is the directed path from vi to 
Vm- Note that for each leaf v in T with the neighbor w, there exists a unique marker vertex u in 
Gw such that pw{vw) = u. We denote by r{v) = u. 


We choose the sequence v. 


* 1 ) 


Vi. of all star nodes such that 


) 


• ii < i2 < ■ ■ ■ < it, 

• for each 1 ^ j ^ t, there is a leaf Wj of T such that r{wj) is the center of ,. 

We choose a leaf wq wi oi T that is adjacent to vi, and choose a leaf wt+i ¥= wt of T that is 

adjacent to Vm- It is not hard to check that WQWi,wtWt+i £ E{G). Also, from the accessibility 
among nodes of T, one can observe that tci,..., tc* are cut vertices of G, and thus rcorci • • • wtwt+i 
is an induced path of G. Let P := wqWi ■ ■ ■ wtWt+i, and we regard it as a directed path from wq to 

Wt+l- 

Now, we construct a set of thread blocks Bp where PQBp is a canonical thread decomposition 
of G. For each node v e V(Q), let 7](v) be the set of all leaves in T that are adjacent to v. For 

convenience, let zq := 0 and it+i := m. For each 0 ^ j ^ t, we define the following: 

1. Let := G[{wj,Wj+i} u r]{ve)]. 

2. We take an ordering aj of V{Bj) such that Wj and Wj+i are the first and last vertices, and 

V < aj w if there is a directed path from the neighbor of v to the neighbor of tc in Q. We take 
an arbitrary ordering for the leaves that have the same neighbor in T, except Wj+i. This can 
be done in time G(|U(G)|). 

3. From the definition of Uj, it is not hard to check that for v,w e V{Bj)\r]{vi.^.^) u {rcj+i} with 

V <a. w, vw e B(G) if and only if 

• V = Wj, or the neighbor of v is either a clique node or a star node oriented towards Vm, 
and 

• w = Wj+i, or the neighbor of w is either a clique node or a star node oriented towards 
vi- 
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Note that the vertices in r]{vi-_^-^)\{'Wj+i} are pendant vertices adjacent to wj+i in G. Following 
the above observations, we give a labeling ij on V{Bj) such that for w e V{Bj) with the 
neighbor w' in T, 

{R} if rc = Wj, 

{L} iiw = Wj+i, 

{R} 

{L} if Gw' is a star node oriented towards vi, 

{i?} if Gw' is a star node oriented towards Vm, 

^ {L, R} if Gw' is a clique node. 

It takes 0{\V{G)\) time. It is not hard to verify that aj and £j are proper ordering and 
labeling of Bj using accessibility among nodes of T. Moreover, as Bj does not contain a 
vertex in ri{vij)\{wj}, which is a pendant vertex adjacent to Wj if exists, Bj is a canonical 
thread block whose first and last vertices are Wj and rcj+i, respectively, with the ordering Uj 
and the labeling ij. 

We return Bp := {Bq, ..., Bt}. 

Note that wi,... ,wt are cut vertices of G. Thus, it is straightforward to check that 

(1) V{Bi) n V{Bj) = {wi,Wi+i} n {wj,Wj+i} for every pair i,j with i j, 

(2) = ViG) and = EiG). 

We conclude that PQBp is the canonical thread decomposition of G, and it can be computed in 
time 0(|I/(G)| + |.E(G)|). □ 

3 Necklace graphs 

We generalize the construction of thread graphs from directed paths to directed cycles. 

Definition 3.1. A connected graph G is called a necklace graph if G = G Q Be for some directed 
cycle G and some set of thread blocks Be mergeable with G. 


ij{w) = < 
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See Figure]^ for an example of a necklace graph. Let := 
of this section is the following. 


QT\{Ch h ^ 9}. The main result 


Theorem 3.1. Every connected ^N-free graph is either a connected thread graph or a necklace 
graph whose underlying cycle has length at least 9. 


Assuming that G is not a thread graph, to prove Theorem 3.1, we recursively find an underlying 
cycle C of length h^ 9 and a set of thread blocks B such that G = C Q B. At each recursion step, 
we assume that G\x = G Q Bq\x and prove that 

( 1 ) if Ng{x) contains two vertices of distance at least 3 in G, then G contains a graph in flAr or an 
induced cycle of length i with 9 ^ ^ h — 1, 


( 2 ) if every pair of vertices of Ng{x) are at distance at most 2 , then Ng{x) is contained in the 
union of two consecutive thread blocks of Bg\xj and then either G contains a graph in fljv or 
it is a necklace graph with G as the underlying cycle. 


We need some preliminary lemmas. 


Lemma 3.2. Let G he a necklace graph whose underlying cycle G has length h ^ 9. The distance 
in G between any pair of vertices is at most h — 3. 

Proof. Observe that when merging the (directed) cycle G with a set of thread blocks B to obtain 
G = G Q B, the distance between any two vertices of C in C is the same as the distance in G 
(viewed as an undirected cycle). As the distance between any pair of vertices in an induced cycle 
of length ^ 9 is at most h — 5, the statement follows from the fact that every vertex in G either 
belongs to G or has a neighbor in G. □ 


Lemma 3.3. Let h ^ 4 be an integer. Let G be a graph and let v e V{G) such that G\v is an 
induced path piP 2 ■ ■ - Ph, and v is adjacent to both pi and ph in G. Then G contains an induced 
subgraph isomorphic to Fi, F 2 , F 3 , or an induced cycle of length at least 5. 


Proof. Let ii = 1 < i 2 <■■■< it = h he the sequence of integers such that Pij,... ,Pit are all 
neighbors of v on P. If ij+i — ij ^ 3 for some 1 ^ j ^ t — 1, then vpi-pi.+i ■ ■ ■ pi-j^.^v is an 
induced cycle of length at least 5. We may assume that ij+i — ij ^ 2 for all 1 ^ ^ t — 1. If 

ij +2 - ij+i = ij+i - L' = 2 for some 1 ^ ^ t - 2 , then G[{v,pi.,pi.+i,... is isomorphic 

to F 3 . If one of ij +2 — ij+i and ij+i — ij is 1 and the other value is 2 for some 1 ^ j ^ t — 2, 

then G[{v,pi.,pi.+i,... ,Pij^ 2 }] i® isomorphic to Fi. So we may assume that ij+i — ij = I for all 

1 ^ j ^ t — 1. Since h ^ 4, G has an induced subgraph isomorphic to F 2 . □ 


Lemma 3.4. Let G he a connected thread graph and v e V{G) such that G\v admits a canonical 
thread decomposition G\v = P Q Bp where P = U 1 U 2 U 3 U 4 U 5 and Bp := {Bi = : 1 ^ z ^ 4}. 

If Q V{B 2 ) u V{B 3 ), then there exists a set B of thread blocks mergeable with P such that 

P Q B is a canonical thread decomposition of G. 


Proof. Since G is a connected thread graph, G admits a canonical thread decomposition P' Q Bp' 
with a directed path P' and a mergeable set of thread blocks Bp'. We first show that V 2 , 03 , 04 , 
should be contained in P'. By Lemma 2.1, it is enough to show that they are cut vertices of G. 

Note that 02 and 04 are still cut vertices of G as Ng{o) c V[B 2 ) u V{B 3 ). We claim that 
03 is also a cut vertex of G. Suppose that 03 is not a cut vertex of G. This implies that there 
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is a path from V 2 to ^4 in G\v3. We take a shortest path Q among such paths. If it has length 
2 , then V{Q) u {ui, ^2,1's, ^'4,1's} induces a subgraph isomorphic to ai or 04 depending on the 
adjacency between U 3 and the middle vertex of Q. If it has length at least 3, then by Lemma 3.3 


G[V{Q) u {ua}] contains an induced subgraph in which contradicts to our assumption. Thus, 
V 3 is also a cut vertex of G. 


Since U 2 ,U 3 ,U 4 are cut vertices of G, by (2) of Lemma 2.1, we have U 2 ,U 3 ,U 4 e V{P'). If U 2 U 3 U 4 


is a directed path in P', then for each i e {2, 3}, we take the subgraph B'- of G induced on the union 
of the set of all pendant vertices adjacent to Vi+\ and the vertex set of the block of G containing 

i ?2 and are the canonical thread blocks listed in Bp/. Now, we 


,Vi+i. By (3) of Lemma 


2.1 


assume that V 4 V 3 V 2 is a directed path in P'. In this case, for each i e {2,3}, the subgraph B'l of 
G induced on the union of the set of all pendant vertices adjacent to vt and the vertex set of the 
block of G containing Uj, Uj+i is a canonical thread block listed in Bp/. Then we obtain from B" 
by removing all pendant vertices adjacent to Vi and adding all pendant vertices adjacent to Vi+i. It 
is not hard to observe that is a canonical thread block whose first and last vertices are Uj,Uj+i, 
respectively; we can take a reverse ordering for vertices in the block containing Uj, Uj+i, and replace 
each label [L] with {R} and each label {i?} with {L}. 

Now, we set B := {Bi, B 2 , B'^, B 4 }. We claim that G = P Q B. As each thread block Bi or B[ 
in B satisfies that dciBi) = {uj,Uj+i} or dciB'j) = {uj,Uj+i}, we have that 

. V{Bi) n y(B') = {U2}, y(B') n V{B'^) = {^3}, V{B'^) n ^(^4) = {^4}, and 

• V{Bi) n V{B'^) = V{Bi) n ViB^) = n 1 /(^ 4 ) = 0. 


2.1 


As PQBp is a canonical thread decomposition of G\v and v eV{B' 2 ) u V(B^), by (3) of Lemma 
every vertex of G is either a pendant vertex adjacent to one of U 2 ,..., U 5 , or contained in a block con¬ 
taining two consecutive vertices Vi,Vi+i. It implies that V(G) c lJ(V(Bi),V(B 2 ),V(B'^),V(B 4 )}, 
and we have 

• V(G) = iJ{V(Bi),V(B^),V(B'),V(B 4 )} and E(G) = UiBiBi), E(B'), E(B'), E(B 4 )}. 
Therefore, we conclude that G = P Q B. □ 


Proof of Theorem 3.1. Let G be a connected IlAr-free graph and suppose that G is not a thread 


graph. By Theorem |2.2[ G contains an induced cycle of length at least 9. Let C be a shortest cycle 
among induced cycles of length at least 9 in G. For convenience, let Vh+i ■= vi. We regard C as a 
directed cycle on vertex set {ui,..., Vh} (with h ^ 9), where for each 1 ^ j ^ h, VjVj+i is an arc. 

We prove by induction on |I^(G)| that G is a necklace graph whose underlying cycle is G. 
We may assume that |F(G)| > |F(G)|. Clearly, G\v is again flTv-free graph and G is a shortest 
cycle among induced cycles of length at least 9 in G\v. By the induction hypothesis, G\v is a 
necklace graph whose underlying cycle is G and thereby has a canonical thread decomposition 
G\v = G O Bg\v where Bg\v = {Bi = B^^iVi+i : 1 ^ i ^ h}. 

We claim that all vertices of Ng{v) have pairwise distance at most 2 in G\v. Suppose that there 
are two vertices x,y e Ng{v) that have distance at least 3 in G\v. By Lemma 3.2, the distance in 


G\v between x and y is at most h — 3. We take a shortest path Q from x to y in G\v. Then by 
Lemma 3.3 G\V{Q) u {u}] contains an induced subgraph isomorphic to either Fi, F 2 , F 3 , or an 
induced cycle of length h' with 5 ^ h' ^ h — 1 . AsG was selected as a smallest induced cycle 
of length /i ^ 9, if there is an induced cycle G^,, then it has length at most 8 . This contradicts the 
assumption that G is IlAr-free. 
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Thus, all vertices of Ng{v) have pairwise distance at most 2 in G\v. It implies that Ng{v) c 
Bi u Bi+i for some 1 ^ i ^ h. Let us consider H = G[Bi-i vj BiVj Bi+i u -Bj +2 u {'y}]- Observe 
that H\v is a thread graph. The facts that G is OAr-free and that v does not belong to a cycle of 
G of length 5 or more (see paragraph above), imply that H is Oj’-free and thereby a thread graph 
(Theorem 2.2). By construction H\v is a thread graph with a canonical thread decomposition 
PQB where B = Bj, Bj+i, Bi+ 2 ] and P is the directed path Vi-iViVi+iVi+ 2 Vi+'i- So we apply 

Lemma 3.4 on H and H\v. Let PQB' be the resulting canonical thread decomposition of H. Then 
CQ{Bg\,\B u B') is a canonical thread decomposition of G. □ 


4 FPT algorithms for LRWl-Vertex Deletion 

In this section, we give two single-exponential FPT algorithms for the LRWl- Vertex Deletion 
problem. Both FPT algorithms are based on branching algorithms that reduce an inpnt graph 
to a DAT-free graph. We first show that one can easily find a minimum LRWl-deletion set in a 
DAf-free graph. It implies that there is an FPT algorithm with running time 8 ^ ■ 0{n^) with a 
simple branching algorithm. Next, we provide a way to reduce the polynomial factor n® into 
using an algorithm to find a fixed subgraph on graphs of bounded cliquewidth. 

We prove the following. 

Proposition 4.1. Given a VlN-free graph G, we can compute a minimum LRWl-deletion set of G 
in time 0{n{n + m)). 

We observe that every necklace graph can be turned into a thread graph by removing a vertex 
on the underlying cycle. 

Lemma 4.2. Let G be a connected necklace graph with the underlying directed cycle C. For each 
V e V(G), G\v is a thread graph. 

Proof. Let G be the directed cycle on vertex set {ui,... ,Vh}, where for each 1 ^ j ^ h, VjVj+i is 
an arc. and let Be = {Bi : ViVi+i e B(C)} be the set of thread blocks mergeable with C such that 
G = G QBc- Because of the symmetry, it is sufficient to show that G\vi is a thread graph. As the 
pendent vertices of G that are adjacent to vi become isolated vertices after removing ui, we may 
assnme that G has no pendent vertices adjacent to ui. For each 1 ^ i ^ h, let (Ji and li be the 
ordering and labeling of Gj, respectively. 

Suppose that V(Ra)\{^i} ^ Since B^ has no pendant vertices adjacent to ui, the vertex 

a~^{\V{Bh)\ — 1) is labelled either {L,R} or {L}. Let be the restriction of ah on V(i3A)\{D}, 
and for each x e V(Bh)\{vi}, let 

, f {L} lix = aj;\\V{Bh)\-l) 

[ ^h{x) otherwise. 

It is easy to check that Bjffvi is a thread block with the ordering a'^^ and labeling If V(Bh)\{vi} = 
{vh}, then we can regard Ra-i as the last thread block of G\vi. 

Similarly, if V(Ri)\{ni} = {^ 2 }, then we can regard B 2 as the first thread block of G\vi. 
Otherwise, we regard Bi\vi as the first thread block. 
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Let y := a {2) and z := a ^{\V{Bh) \ — 1). We conclude that G\vi is a thread graph with the 
underlying directed path P where 


P = < 


V2V3 ■■■Vh if y(5fe)\{ui} = {Vh} and = {^ 2 }, 

yv2V3 ---Vh if lL(S/,)\{ui} = {vh} and y(5i)\{ui} ^ {^ 2 }, 

V2V3---VhZ if y(5;i)\{ui} ¥= {vh} and l/(5i)\{ui} = {^ 2 }, 

yv 2 V 3 ■ ■ ■ VfiZ otherwise. 


□ 


Let G be a Qj^-iree graph and let k be the minimum size of a LRWl- 
each connected component of G is either a thread graph or 


Proof of Proposition 4-1 
deletion set of G. By Theorem 3.1 
a necklace graph. For each component H of G, we can test whether iL is a thread graph or not 
in time 0{\V{H)\ + \E{H)\) using Theorem 2.4 By Lemma 4.2, it is enough to remove exactly 


one vertex to make each necklace component a thread graph. Thus, k is equal to the number of 
its necklace components. Moreover, in each necklace component PI, we can identify a vertex v on 
the underlying cycle by testing whether P[\v is a thread graph for every vertex v in H. It takes a 
0{\V{P[)\{\V{H) \ + \E{P[)\)) time. Therefore, we can find a minimum LRWl-deletion set of G in 
timeOmG)\{\V{G)\ + \E{G)\)). □ 

We give an FPT algorithm using a simple branching algorithm. 

Theorem 4.3. The LRWI-Vertex Deletion problem can be solved in time 8^ • 0{n^). 

Proof. Let {G, k) be an instance of the LRWI-Vertex Deletion problem where G is a graph on 
n vertices. First recursively find an induced subgraph of G isomorphic to a graph in Dw and branch 
by removing one of the vertices in the subgraph. Because the maximum size of graphs in Djv is 
8 , we can find such a vertex subset in time 0{n^) if exists. In the end, we transform the instance 
(G, k) into at most 8^ sub-instances (G', k') such that each sub-instance consists of a Dw-free graph 
G' and a remaining budget k'. Thus, this branching step takes a time 8 ^ • 0{n^). Clearly, (G, k) is 
a YES-instance if and only if one of sub-instances (G', k') is a YES-instance. 

Let {G',k') be a sub-instance obtained from the branching algorithm. Since G' is Dw-free, 


using the algorithm in Proposition 4.1, we can compute a minimum LRWl-deletion set of G' and 
decide whether {G',k') is a YES-instance in time 0{\V{G')\{\V{G')\ + |i?(G')|)). By checking all 
sub-instances, we can decide whether (G, k) is a YES-instance in time 8 ^ ■ 0{n^). □ 

Theorem |4.3| already gives a single-exponential FPT algorithm for the LRWI-Vertex Dele¬ 
tion problem, but the polynomial factor n® makes it impractical. In the next subsection, we give 
an algorithm with better polynomial factor, using the branching algorithm based on a cliquewidth 
expression. 


4.1 Improving the polynomial factor 

The cliquewidth of a graph G is the minimum number of labels needed to construct G using the 
following four operations: 

(1) Creation of a new vertex v with label i (denoted by i{v)). 

(2) Disjoint union of two labeled graphs G and H (denoted by G © Lf). 

(3) Joining by an edge each vertex with label i to each vertex with label j {i p j, denoted by rjij). 
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Vl,3 
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© 


l(o) 2(6) 3(c) 1(d) 

Figure 7: 3-expression of C 5 . 


(4) Renaming label i to j (denoted by Pi^j)- 

Every graph can be defined by an algebraic expression using these four operations. Such an ex¬ 
pression is called a k-expression if it uses at most k different labels. Thus, the cliquewidth of G is 
the minimum k for which there exists a /c-expression defining G. 

For instance, the cycle abcdea of length 5 admits the following 3-expression: 

di, 3 (/ 03 ^ 2 f? 2 , 3 (^ 1 , 2 ( 1 ( 0 ) © 2(6)) © r/g3(3(c) © 1(d))) © 3(e)). 

We can represent this expression as a tree-structure, depicted in Figure We call this tree the 
labelled tree induced by the k-expression of G. 

As we need the relation between rankwidth and linear rankwidth, we define rankwidth. A tree 
is subcubic if it has at least two vertices and every inner vertex has degree 3. A pair (T, L) is called 
a rank-decomposition of a graph G if T is a subcubic tree and L is a bijection from the vertices 
of G to the leaves of T. For each edge e in T, T\e induces a partition {Se,Te) of the leaves of 
T. The width of an edge e is defined as rank(AG'[5e, Te])- The width of a rank-decomposition 
(T, L) is the maximum width over all edges of T. The rankwidth of G is the minimum width over 
all rank-decompositions of G. If 117(G) | ^ 1, then G admits no rank-decomposition and it has 
rankwidth 0. 

The following approximation algorithm was given by Oum |35l [36] . 

Theorem 4.4 (Oum [35l [36]1. Given a graph G and positive integer k, one can output a rank- 
decomposition of width at most 3k 1 of G or confirm that the rankwidth of G is larger than k in 
time ■ n^. Moreover, given a rank-decomposition of a graph G of width k, one can output a 
^ 2^+1 _ I'j-expression of G in time • n^. 

Remark that the rankwidth of a graph can be decreased by at most 1 when removing a vertex, 
and the rankwidth of a graph is at most its linear rankwidth. Thus, if a given graph has rankwidth 
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larger than k + 1, then we cannot make it a graph of linear rankwidth at most 1 by removing at 
most k vertices. Therefore, using the algorithm in Theorem 4.4 we can assume that the instance 
is given with a — l)-expression, and we can use it to find an induced subgraph of constant 

size. 


Proposition 4.5. Let H be a graph on h vertices. Given a graph G with its k-expression, one can 
test whether G contains an induced subgraph isomorphic to H in time • n, and output 

a vertex set inducing H if exists, in the same time complexity. 

Proof. Let vi,... ,Vh be the vertices of H and ei,..., e/ be the edges of H. Let cj) be the given 
/c-expression defining G, and let T be the labelled rooted tree induced by (p. For every node t of T, 
let Gt be the graph defined at node t, and for each i e {1 ,..., /c}, let Gt[i] be the subgraph of Gt 
induced on the vertices with label i. 

For every node t and every vector (ai,..., ah, bi,..., bf) e {0,1,..., k}^ x {0,1}'^, we define the 
following value: 


• c[t, (ai,..., ah, bi,..., bf)] = 1 if there exists an injective mapping r] from V = {vi e V{H) : 
tti 7 ^ 0 } to V{Gt) such that 

— for each Vi e V, r]{v) e V{Gt\ai\), 

— for each e* = v^Vm e E[H) with 6 * = 1 , we have ai 7 ^ 0 , Om 0 , and 'i]{vi)r]{vm) e E{Gt), 

— for each Cj = Vf^Vm e E{H) with bi = 0 , ¥= 0 and am ¥= 0 , we have ri{vf)ri{vm) iE[Gt), 

• c\t, (ai,..., ah, 61 ,..., bf)] = 0 , otherwise. 

The values c[t, ■] will capture all possible inequivalent subgraphs of H at Gt, where two subgraphs 
are equivalent if their corresponding vertices are in the same labels. A vector (ai,..., Oh, bi,... ,bf) 
is complete if for each 1 ^ i ^ h and 1 ^ j ^ f, at and bj are non-zero. One can observe that 
G contains an induced subgraph isomorphic to H if and only if there is a complete vector v such 
that c[r, u] = 1. A vector ..., b'^,..., b'j) is called a sub-vector of (ai,..., Oh, 61 ,..., bf) if 

for each 1 ^ x ^ h and 1 ^ y ^ /, 6 { 0 , Ox] and by e { 0 , by}. 

Now, we present how the values of c[-, •] are computed. At each node t, we compute the value 
c[t, (oi,..., Oh, 61 ,..., bf)] as follows. 

1. (Creation of a new vertex w with label i) Each vertex of H can be mapped to w. Thus, for 
each vector v = (oi,..., Oh, 61 ,..., bf) where exactly one of ai,..., Oh is i and by = 0 for all 
y e { 1 ,..., /}, we assign c[t, u] := 1 and for all other vectors, assign c[t, u] := 0 . 

2. (Disjoint union node with two children ti,t 2 ) We take all possible two sub-vectors vi = 

{a\,... ,al,bl,... ,bj) and V 2 = (of,..., a|, 6 f,..., ) of (oi,..., o/*, 61 ,..., bf) such that 

• for each 1 ^ x ^ /i, if o^ is non-zero, then exactly one of a], and of is equal to ax, and 
the same thing holds for by, by, and by. 

We assign c[t, u] := 1 if there exist such vi,V 2 where c[ti,ui] = c[t 2 ,V 2 ] = 1, and c[t,u] := 0 
otherwise. This formula holds because Gt contains a subgraph H' if and only if there is a 
vertex partition Si and S 2 of H' with no edges between and S 2 such that is a 

subgraph of and H'[S 2 ] is a subgraph of Gt 2 (•S'l or S 2 may be an empty set). This 
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also implies that for a vector v with by = 1 and Cy = v^Vm, it suffices to consider a pair 
{vi,V 2 ) which satisfies either of the following: by = l,aj 7 ^ 0 ,a^ ¥= 0 ,by = aj = = 0 , or 

by = aj = ajn = 0 , by = l,aj ¥= 0 , ¥= 0 . 

Note that there are at most 2^ • 2^ possible pair of vectors. Thus, we need 2^ • 2^ iterations 
to compute c[t, u] for fixed v. In total, we need (2^ • 2-^) • ■ 2-^) = iterations to 

compute c[t, u] for all v. 

3. (Join node with the child t' such that each vertex with label i is joined to each vertex with 

label j) If there are i,m e {1,... ,h} and y e {1,..., f} where ey = v^Vm with = i, am = j 
and by = 0, then we assign c[t, u] ;= 0. This correctly assigns the value as two vertices with 
labels i and j should be adjacent at this join node. We can check it in time Now, we 

assume that the given vector v satisfies that for all £, m e {1 ,..., /i} and ye {!,...,/} with 
Cy = ViVm with a£ = i and am = j, we have by = 1 . 

We take all sub-vectors v' = (ai,..., ah, ..., 6 j) of (oi,..., ah, 61 ,..., 6 /) such that for 

y e { 1 ,• • •,/}, 

• by e { 0 , 1 } if By = V(Vm with a^ = i, am = j, and by = 1 , and 

• by = by otherwise. 

Then we assign c\t, v\ := 1 if there exists such v' where c\t', v'^ = 1, and c\t, u] := 0 otherwise. 
This formula holds because Gt contains a subgraph H' if and only if Gt' contains a subgraph 
H" where H' is obtained from H" by adding edges between V{Gt'\i\) and V[Gt'YjY)- 

Note that there are at most 2^ possible sub-vectors. Thus, we need 2^ ■ {k^ ■ 2-^) = 
iterations to compute c[t, u] for all v. 

4. (Renaming label i to j) If there is x e {1,... ,h} with ax = i, then we assign c[t, u] ;= 0. This 
correctly assigns the value as there is no vertex with label i at this node. We can check it in 
time 0{h). We assume that the given vector v satisfies that for all x e {1,..., h}, ax ¥= i- 

For each vector (oi,..., ah, 61 ,..., 6 /), we take all sub-vectors v' = {a [,..., a'^, 61 ,..., bf) of 
(oi,..., ah, 61 ,..., bf) such that iov x e {1 ,... ,h], 

• a'x^ {i,j} if ax = j, and 

• a'x = ax otherwise. 

We assign c\t,v\ := 1 if there exists such v' where c\t',v') = 1, and c[t, u] := 0 otherwise. 
This formula trivially holds as we just change the labels on vertices. 

Note that there are 2^ possible vectors. Thus, we need 2^ • {k^ -2^) = 2 ^+/+^^°®^ iterations 
to compute c\t, v\ for all v. 

Finally, we can test whether G contains an induced subgraph isomorphic to H by checking 
whether there is a complete vector v such that c[r, u] = 1. Thus, we can find an induced subgraph 
of G isomorphic to H in time 2^1^^+^ • n, if exists. Also, if we find such a vector v, then we 

can track which vertices are contributed to make the vector v, and thus, we can compute a vertex 
set inducing H in the same time complexity. □ 

Now, we give a second FPT algorithm for the LRWI-Vertex Deletion problem. 
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Theorem 4.6. The LRWI-Vertex Deletion problem can be solved in 2^^^^ ■ time. 


Proof. All procedures in the algorithm will be same as in Theorem 4.3 except the refined branching 
algorith m. L et (G, k) be an instance where G is a graph on n vertices. Using the algorithm in 
Theorem 4.4, we can decide whether the rankwidth of G is at most A; + 1 in time • n^. If 

the rankwidth of the input graph is more than A: + 1, then we cannot make it a graph of linear 
rankwidth at most 1 by removing at most k vertices. Thus, we say that it is a No-instance in 
this case. Otherwise, the algorithm outputs a — l)-expression cj) of G. Let T be the labelled 

rooted tree induced by 4>. For convenience let k' := 2^*^+^ — 1. 


Let us fix a graph iL in Dat. Note that \V{H)\ ^ 8. Using the algorithm in Proposition 4.5 


we can test whether G contains an induced subgraph isomorphic to H and outputs a vertex set 
inducing H if exists, in time k') .n = 2^(^) • n. If there is such a vertex set S, then branch by 
removing one of the vertices u in S' and decrease A: by 1. Note that we can obtain the cliquewidth 
expression for (G\u, A; — 1) from (j) just by removing the node introducing v. We recurse this 
branching algorithm until there are no such vertex sets S. 

Combining the remaining steps described in the proof of Theorem 4.3 it is easy to verify that 
the LRWI-Vertex Deletion problem can be solved in time 2^(^) • n^. □ 


5 A lower bound for LRWI-Vertex Deletion 

In this section, we show that the algorithm in Theorem o is best possible in some sense. Our 
lower bound is based on a well-known complexity hypothesis formulated by Impagliazzo, Paturi, 
and Zane [26]. 

Exponential Time Hypothesis (ETH). There is a constant s > 0 such that 3-CNF-SAT 
with n variables and m clauses cannot be solved in time 2^"(n -I- 

We use the known lower bound for the Vertex Cover problem. 

Vertex Cover 

Input : A graph G, a positive integer k 

Parameter : k 

Question : Does G have a vertex subset S of size at most k such that G\S has no edges? 

Theorem 5.1 (Cai and Juedes [6j). There is no 2°^^^ • -time algorithm for Vertex Cover, 
unless ETH fails. 

We show the following. 

Theorem 5.2. There is no ■ n^^^^-time algorithm for LRWl Vertex Deletion, unless 
ETH fails. 

Proof. For contradiction, suppose there exists an algorithm for solving the LRWI-Vertex Dele¬ 
tion problem in time 2°^^^ ■ Let {G,k) be an instance of the Vertex Cover problem. We 

construct a graph G' from G as follows: 

(1) for every vertex v e V(G), add a pendant vertex v' adjacent to v, and 

(2) for every edge vw in G, we replace it with two vertex disjoint paths of length 2 from v to w. 
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Let G' be the resulting graph. Note that for each edge vw in G, v, v', w, w' and two disjoint paths 
of length 2 from u to u) in G' form an induced subgraph isomorphic to ai. We have |1L(G')| ^ 
2 |y(G)| + 2|ii;(G)|. 

We claim that G has a vertex set S of size at most k such that G\S has no edges if and only if 
G' has a LRWl-deletion set of size at most k. Suppose that G has a vertex set S of size at most k 
such that G\S has no edges. It is easy to confirm that G'\S is a disjoint union of stars, which has 
linear rankwidth at most 1. 

For the converse direction, suppose that G' has a LRWl-deletion set S of size at most k. If 
S contains a vertex of degree 1, then we can replace it with its neighbor. We may assume that 
S has no pendant vertices of G' . Let vw be an edge of G and be the vertices of degree 

2 that are adjacent to v and w m G' . As S' does not contain pendant vertices of G' , we have 
\S n {v,w,Xi^,X 2 ^}\ ^ 1, otherwise, G' contains an induced subgraph isomorphic to ai. For each 
edge vw, if S contains one of x\'^,X 2 ^, then we replace it with one of v and w. Let S' be the 
resulting set. Then |S''nI/(G)|^|S'|^fc and S' nV{G) contains at least one of v and w for each 
edge vw of G. We conclude that G has a vertex set S of size at most k such that G\S has no edges. 

Therefore, using the algorithm for the LRWl- Vertex Deletion problem, we can decide 
whether (G, k) is a YES-instance of the Vertex Cover problem, in time 2°^^') ■ rP^^'>, which is not 
possible unless ETH fails by Theorem 5.1 □ 


6 A polynomial kernel for LRWl-Vertex Deletion 


In this section, we show the following. 

Theorem 6.1. The LRWI-Vertex Deletion problem has a kernel with 0{k^^) vertices. 


We use the Sunflower lemma to find a hitting set for obstructions of small size with a special 
property. It consists in finding a subset T with size bounded by f{k) for some function / whose 
removal turns G into a graphs of linear rankwidth at most 1 with the property that for every set 
S c V{G) of size at most k, the following are equivalent (Lemma 6.3): 


5 is a minimal vertex set such that G\S has no obstructions in Dat. 


• 5 is a minimal vertex set such that G[T]\S' has no obstructions in Dtv- 

This property implies that if there is a minimal LRWl-deletion set S, then each vertex of S\T 
should be used to remove at least one long induced cycle. It will be used to find an irrelevant 
vertex in a large thread block in G\T. Moreover, we can preprocess the instance so that there is 
no small obstruction containing exactly one vertex of T. This will be used to bound the length of 
the sequence of thread blocks in each connected component. 

Let (G, k) be an instance of LRWI-Vertex Deletion. We start with an easy reduction rule. 


Reduction Rule 1. If G has a connected component that has linear rankwidth at most 1, then we 
remove it from G. 


6.1 Hitting small obstructions 

Let be a family of subsets over a set U. A subset U' U is called a hitting set of J- if for 
every set F e T, F n U' ¥= 0- For a graph G and a family of graphs F, a set S c V{G) is also 
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called a hitting set for T if for every induced subgraph H oi G that is isomorphic to a graph in T, 
V{H) n S ^ 0. The following lemma can be obtained from the Sunflower lemma. 

Lemma 6.2 (Fomin, Saurabh, and Villanger jl8|l. Let J- he a family of sets of size at most d over 
a set U, and let k be a positive integer. Then in time 0{\F\{k + |J^|)), we ean find a nonempty set 
T' ^ J- such that 


1. for every U' U of size at most k, U' is a minimal hitting set of F if and only if U' is a 
minimal hitting set of T', and 

2 . \F'\ ^ dl{k + l)'^. 


Using Proposition |4.1| and Lemma 6.2 we identify a vertex set T of G with size polynomial in 
k that allows us to forget about small obstructions. 


Lemma 6.3. Let {G,k) be an instance o/LRWI-V ertex Deletion. There is a polynomial time 
algorithm that either concludes that {G,k) is a No-instonce or finds a non-empty set T c V{G) 
such that 


1. G\T has linear rankwidth at most 1, 

2. for every set S c V{G) of size at most k, S is a minimal hitting set for Lljy in G if and only 
if it is a minimal hitting set for Qn contained in ^[T], and 

3. |r| ^S-S\{k + lf + k. 


Proof. Let F be the set of vertex sets S of G such that G[S'] is isomorphic to a graph in Djv- Since 


the maximum size of a set in F is 8, using Lemma 6.2, we can find a subset F' of F such that 


1. for every vertex subset X c V{G) of size at most k, X is a minimal hitting set of F if and 
only if X is a minimal hitting set of F', and 

2. \F'\ ^ 8\{k + lf. 

Let T' := UsgJ^"' From the condition 1, G\T' has no induced subgraph isomorphic to a graph 

we 


in Dtv and by Theorem 3.1, G\T' is a necklace graph. Using the algorithm in Proposition 4.1 


can find a minimum LRWl-deletion set Y of G\T' in polynomial time. If |U| ^ A: + 1, then we 
conclude that (G, k) is a No-instance. Otherwise, we add Y to T’, increasing its size by at most k. 
We conclude that T := T' u U is a required set. □ 


Let us fix a subset T of U(G) obtained by Lemma 6.3 We preprocess using the following 
reduction rule. 


Reduction Rule 2. Let U <^T such that for every u eU, there exists an induced subgraph H of 
G isomorphic to a graph in Lljy with V{H) n T = {u}. If |t/| > k, then {G,k) is a No-mstance; 
otherwise, remove U from G and reduce k by \U\, and use T\U instead ofT. 

It can be done in polynomial time because we only need to look at obstructions of Rat in G. 

Lemma 6.4. Reduction Rule^is safe. 
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Proof. We claim that every minimal LRWl-deletion set in G contains U. Let S' be a minimal 
LRWl-deletion set in G. Then there exists a vertex subset S' S n T such that S' is a minimal 
hitting set for graphs of Oat in G[T]. From the property of T, S' is also a minimal hitting set for 
graphs of in G, and we must have U S' as S' hits the sets Su for each ueU. It implies that 
if |[/| > k, then {G,k) is a No-instance. Otherwise, since U is always contained in any minimal 
LRWl-deletion set of G, we have that {G,k) is a YES-instance if and only if {G\U,k — |?7|) is a 
YES-instance. □ 

From now on, we assume that G is reduced under Reduction Rules and A vertex v of 
G is called irrelevant if {G,k) is a YES-instance if and only if {G\v,k) is a YES-instance. For 
convenience, let //(/c) := 8 • 8 !(A: -I- 1)® -I- k. 


6.2 Bound on the size of connected components of G\T 

We first show that if a thread block in G\T is large, then we can always find an irrelevant vertex 
in there. 


Proposition 6.5. If G\T contains a thread block of size at least {k + 2){^{k) + 2)^ -I- 1, then we 
can find an irrelevant vertex in polynomial time. 

We use the following lemma. 


Lemma 6 . 6 . Let G be a graph and let V 1 V 2 V 3 V 4 V 5 be an induced path of length 4 in G. If two 
distinct vertices wi,W 2 in R(G)\{ui,U 2 ,.. • ,^ 5 } are adjacent to V 2 and v^, then G\v 3 contains an 
induced subgraph isomorphic to a graph in Qn- 


Proof. See Figure]^ for the following cases. If vi is adjacent to wi but not adjacent to W 2 , then 
viV 2 W 2 Vi is an induced path of length 3 and wi is adjacent to its end vertices. By Lemma 3.3 
G[{ui,U 2 ,tC 2 ,U 4 ,tci}] has an induced subgraph isomorphic to a graph in Llj^. Considering all 
symmetric cases, we may assume that for each v e {ui, U 5 }, v is adjacent to both wi,W 2 or neither 
of them. Depending on the adjacency between {uijUs} and {wi,W 2 }, and the adjacency between 
wi and W 2 , we have one of the 6 graphs in Djv, which are oi, 02 , • • •, og. □ 


Proof of Proposition Suppose that G\T contains a thread block of size at least {k + 2)(/i(/c) -|- 
2)^ -I-1. We can find such a thread block B and compute its ordering a and labeling i in polynomial 
time using the algorithm in Lemma 2.5 Let x,y he the first and last vertices of B and let a' be 


the ordering obtained from a by removing x and y. 

We mark some vertices of B as follows. We set Z := 0. 
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(1) For each vertex v of T, choose the first k + 2 vertices z of a' that are neighbors of v with 
R e £(z), and choose the last k + 2 vertices z of a' that are neighbors of v with L e i{z), and 
add them to Z. 

(2) For each pair of two vertices v, v' in T, choose k + 2 common neighbors of v and v' in B, and 
add them to Z. 

(3) Choose the first k + 2 vertices z of a' with R e i{z), and choose the last k + 2 vertices z of a' 
with L e £(z), and add them to Z. 

In each case, if there are at most k + 1 such vertices, then we add all of them to Z. Then 


|Z| ^ |r|(2fc + 4) + |rp(fc + 2) + (2k + 4) ^ (A: + 2)(iu(k) + 2f - 2. 


Since \V{B)\ ^ (k + 2)(fj,(k) + 2)^ + 1, there exists a vertex w in V(B)\(Z u {x,y}). 

We claim that w is an irrelevant vertex. If (G,k) is a YES-instance, then (G\w,k) is clearly a 
YES-instance. 

Suppose that there is a vertex set X Q V(G\w) with |Y| ^ k such that G\(X u {tc}) is a 
thread graph. We may assume that G\X is not a thread graph. So, G\X has an induced subgraph 
containing w that is isomorphic to a graph in Let Y'cYu{rc}bea minimal hitting set 
for Qtv in G. From the property of the set T, X' is a minimal hitting set for ffw in G[r], which 
implies that X' c T. Thus G\X must have an induced cycle of length at least 9 that contains w. 
Let C be an induced cycle of length at least 9 containing w in G\X. 

We will find an induced subgraph of G\{X u {w}) that is isomorphic to a graph in which 


leads to a contradiction. Let ui, U 2 , rc, U 3 , U 4 be the consecutive vertices on G. To apply Lemma 
we find two vertices that are adjacent to V 2 and U 3 . These cases are depicted in Figure]^ 


1. (Case 1. V2,V3 e T.) Since V2 and U 3 have a common neighbor w in V(B)\Z, Z contains 
at least A: + 2 common neighbors of V 2 and U 3 . Since |Y| ^ k, there exist two vertices 
wi,W2 e Z\X that are common neighbors of V2 and U3. 

2. (Case 2. One of V2 and V3 is contained in T.) From the symmetry, we may assume that V2 ^ T 
and V3 ^ T. Since w ^ {x, y}, V3 is contained in B. If Re i(w) and w <„ U 3 , then Z contains 
the first k + 2 vertices z of a' that are neighbors of V 2 with R e i(z). We choose two vertices 
of them that are not in X. In case when L e i(w) and V 3 <„ w, we use the last k + 2 vertices 
z of a' that are neighbors of V 2 with L e i(z) to identify two vertices similarly. 
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3. (Case 3. Neither V2 nor v^, is contained in T.) Since w ^ {x,y}, V2 and V3 are contained in 
B. If V2 <(T w <a V3, then R e £(v2), L e £{v^) and it implies that V2V2, 6 E, which is a 
contradiction. Also, V3 <„ w <o- V2 cannot happen. Thus, both of V2 and V3 appear either 
before tc in ct or after w in a. By the symmetry, we may assume that V2 and V3 appear before 
w in a. So, R e i{v2), R e -^(^3), and L e £(w). Since Z contains the last k + 2 vertices 2; of 
cj' with L e £(z), there exist two vertices wi,W 2 from those k + 2 vertices that are not in X 
and C. 


In all cases, G\{X u {u;}) has an induced subgraph isomorphic to a graph in 11 tv by Lemma 6.6 


It contradicts to the assumption that X u {rc} is a LRWl-deletion set of G. Therefore, G\X is a 
thread graph, and we conclude that (G, k) is a YES-instance. □ 


In the next lemma, we show that if a vertex v in T has neighbors on 7 distinct blocks in a 
connected component of G\T, then we can find a subgraph H isomorphic to one of {/3i,/325/ds,/34} 
such that V{H) n T = {u}, which is not possible by Reduction Rule Using it, whenever a 
connected component of G\T has a long sequence of thread blocks, we can identify a sequence of 
consecutive thread blocks not touched by any obstruction in Utv- This allows us to contract one of 
these thread blocks to a vertex. 


Lemma 6.7. If G\T has a connected component with at least 19{6p{k) + 1) thread blocks, then we 
can in polynomial time transform G into a graph G' with |U(G')| < |U(G)| such that {G,k) is a 
YES-instance if and only if {G',k) is a YES-instance. 


Proof. Suppose that G\T has a connected component H such that H consists of at least 19{6p{k) + 
1) thread blocks. We can find such a connected component in polynomial time using the algorithm 
in Lemma 2.5 if exists. Let Bi, B 2 ,... ,Bthe the sequence of thread blocks of H. 

We claim that every vertex u of T has neighbors in at most 6 thread blocks of H. For contra¬ 
diction, suppose that there is a vertex u in T having neighbors in at least 7 thread blocks. Then 
there are three thread blocks Bt^ , Rjj, Bt^ having a neighbor of u in G such that t 2 — h ^3 and 
tz — t 2 ^ 2>. For each i 6 {1, 2,3}, let p* be a neighbor of v in Bt^. Since each thread block consists 
of at least two vertices, we can choose a neighbor qi of pi in Bf- for each i e {1, 2, 3}. Depending on 
the adjacency between v and the vertices qi,q 2 ,q 3 , we have an induced subgraph isomorphic to a 
graph in {/3i, /32, /^s, such that it has exactly one vertex of T. This contradicts to the assumption 
that (G, k) is an instance reduced by Reduction Rule 

Now, for each vertex v of T, we mark the thread blocks B of H containing a neighbor of v. Since 
the number of thread blocks in H is at least 10{6y{k) -I-1) and 10(6p(A;) -I-1) — 6 p(fc) ^ 9(6/i(/c) -I-1), 
there exist m ^ 9 and 1 ^ j ^ t — m such that Bj+i, Rj+ 2 , • ■ •, Bj+m are non-marked thread blocks. 

Let X, y be the two end vertices of Bj+ 5 . We transform the graph G into a graph G' by removing 
the thread block V (Rj+ 5 ) and adding a new vertex z that are adjacent to (Yg'(x)u YG'(y))\U(Rj+ 5 ). 
Let H' be the connected component of G'\T that is modihed from the connected component H of 
G\T. Since we remove at least two vertices from G and add one vertex, we have |U(G')| < |U(G)|. 

We show that (G, k) is a YES-instance if and only if (G^, k) is a YES-instance. Suppose that G 
has a minimal thread vertex set X. We first assume that X contains a vertex q in U(i?j+ 5 ). Since 
Y is a minimal LRWl-deletion set and all small obstructions of Djv are contained in G\U(Rj+ 5 ), q 
hits an induced cycle of length at least 9 in G, and the cycle must pass through the vertices x and 
y. Thus, (Y\U(Rj+ 5 )) u {z} is a LRWl-deletion set of G' with size at most |Y|. 


24 




Assume that X n = 0. We may assume that G'\X is not a thread graph. Then G'\X 

must have an induced cycle G of length at least 9 intersecting the new vertex z. The cycle obtained 
from G by replacing z with the edge xy is also an induced cycle of length at least 9 in G\X. It 
contradicts to the assumption that G\X is a thread graph. 

Now suppose that G' has a minimal LRWl-deletion set X. If z e X, then z hits an induced 
cycle of length at least 9 in G' because of the minimality of X and the distance from x to the end 
vertices of Rj+i and Bj^m- Because x hits all induced cycles of length at least 9 in G having a 
vertex of V{Bj+^), (A\{z}) u {x} is again a LRWl-deletion set of G. 

Assume that z ^ X. We may assume that G\X is not a thread graph. So, G\X has an induced 
cycle G of length at least 9 passing through x and y. Let G' be the cycle obtained from C by 
replacing the edge xy with the vertex z. This cycle C clearly exists in G'\X and it has length at least 
9 because it should contain at least one vertex from the thread blocks .Bj+i, • • ■, Bj+ 4 , Sj+ 6 ) • • • Bj+m 
with m ^ 10. This contradicts to the assumption that G'\X is a thread graph. We conclude that 
(G, k) is a YES-instance if and only if (G', k) is a YES-instance. □ 

6.3 Kernel size 

We bound the number of connected components using the following lemma. 

Lemma 6.8. (1) The graph G\T has at most 2y{k) connected components containing at least two 
vertices. 

(2) If G\T has at least y{k)‘^ • (A: -I- 2) -I-1 isolated vertices, then we can find an irrelevant vertex in 
polynomial time. 

Proof. (1) By Reduction Rule[^ each connected component H of G\T contains a vertex that has 
a neighbor in T. Let C be the set of connected components of G\T which consist of at least two 
vertices, and suppose that \C\ > 2y{k). Since every connected component of H has a vertex having 
a neighbor in T, there exists a vertex u e T such that u has neighbors in three distinct connected 
components of C. Since each connected component of C has at least two vertices, G has a vertex 
set S where G[5] is isomorphic to a graph in {fii, /32, fis, fii} and S' n T = {u}. It contradicts to the 
assumption that {G,k) is reduced by Reduction Rule[^ 

(2) Suppose that G\T has at least pi{k)‘^ ■ {k + 2) + 1 isolated vertices. Let S be the union of 
isolated vertices in G\r. We may assume that every vertex in S has a neighbor in T. 

We define a set Z to identify an irrelevant vertex. For each pair of two vertices in T, choose 
k + 2 common neighbors in S, and add them to Z. If there are at most A: -I- 1 common neighbors, 
then we add all of them into Z. Since |S| > y{k)‘^ ■ {k + 2), there is a vertex w in S\Z. 

We claim that w is an irrelevant vertex of the problem. If (G, k) is a YES-instance, then there 
exists a vertex subset X of size at most A: in G such that G\X is a thread graph. Since G\(Y u {rc}) 
is also a thread graph, {G\w, k) is a YES-instance. 

Suppose that {G\w, k) is a YES-instance. We choose a minimal vertex set X in G\w such that 
\X\ ^ k and G\(Y u {w}) is a thread graph. We may assume that G\X is not a thread graph. Let 
A' c Y u {rc} be a hitting set for Hat in G[T]. Then by the property of T, X' also hits all induced 
subgraphs in G that are isomorphic to a graph of Hm- Since X already hits all small obstructions 
in G, there exists an induced cycle G of length at least 9 in G\X containing w. 

Let wi,W 2 be the neighbors of w on the cycle G. Since wi,W 2 have k + 2 common neighbors 
in Z, we may choose two vertices zi,Z 2 e Z\X that are common neighbors of wi and W 2 . By 
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Lemma 6.6, we have that G\{X u {w}) has an induced subgraph isomorphic to a graph in Otv, 


which implies that G\{X u {u;}) is not a thread graph. It is a contradiction, and we conclude that 
{G,k) is a YES-instance. □ 

Let us now piece everything together and analyze the kernel size. 


Proof of Theorem 6.1 , Let {G,k) be an instance of LRWI-Vertex Deletion. By Reduction 
Rule we may safely assume that G has no connected components that are thread graphs. Then 
using the algorithm in Lemma 6.3, in polynomial time, either we conclude that {G,k) is a No¬ 
instance or find a non-empty set T c V{G) stated in Lemma 6.3 We apply Reduction Rule 


Lemma 6.4 guarantees that for every vertex set S c V{G) such that G'[5] is isomorphic to a graph 
in {/3i, /32, /33, ^ 4 }, 15 n r| ^ 2. 

Combining Proposition |6.5| and Lemma [6.7[ we can assume that every connected component of 
G\T has size at most {k + 2){fi{k) -I- 2)^ • 19{6fi{k) + 1) (otherwise the instance can be reduced in 
polynomial time). Note that for each connected component H of G\T, there exists a vertex in H 


that has a neighbor in T. Therefore, by Lemma 6.8, the number of non-trivial components of G\T 
is at most 2^{k) and the number of isolated vertices in G\r is at most n{k)‘^{k + 2). It follows that 

|T| + |R(G)\r| ^ /i(fe) + {2n{k) ■ 19(6^(A:) + 1) • (A: + 2){n{k) + 2)^ + ^{kf ■ {k + 2)) 

= 0{k-fi{k)^) = 0{k^^)n 


7 Concluding remarks 

We consider the problem Linear rankwidth-ic Vertex Deletion when re = 1. A next step is to 
investigate the problem for bigger w, or for any hxed w. A closely related problem is RANKWiDTH-tc 
Vertex Deletion, which asks whether G has a vertex subset of size at most k such that G\S has 
rankwidth at most w. (Linear) RANKWiDTH-tc Vertex Deletion is fixed-parameter tractable 
for the following reason. Note that any YES-instance has rankwidth at most w + k. Having bounded 
(linear) rankwith can be characterized by a finite list of forbidden vertex-minors [Mj- From |13j . 
having a vertex-minor can be expressed in C2MSO, i.e., monadic second order logic without edge 
set quantification where we can express the parity of \X\ for a vertex set X. Fixed-parameter 
tractability follows as a consequence of Courcelle, Makowsky, Rotics |T2] . 

As for rankwidth, this result can be turned into a constructive algorithm as [3l| provides an 
explicit upper bound on the size of vertex-minor obstructions for rankwidth at most k for fixed k. 
However, the exponential blow-up in the running time is huge with respect to both w and k. It is a 
challenging question whether a reasonable dependency on k can be achieved. A single-exponential 
time would be ideal, which was achievable for its treewidth counterpart. A first realistic goal is to 
consider the case when w = 1, that is, the Distance-Hereditary Vertex Deletion. We leave 
it as an open question whether this problem can be solved in time time for some constant 

c. For linear rankwidth, there is no known upper bound on the size of vertex-minor obstructions 
for linear rankwidth at most k, and thus, obtaining such an upper bound is an interesting open 
question. 
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